Anomalies in several short-baseline neutrino oscillation experiments suggest the possible existence of sterile neutrinos at about eV scale having appreciable mixing with the already known three neutrinos. We find that if such a light sterile neutrino exists, through a combined study of the leptonic decays of µ
I. INTRODUCTION
Sterile neutrinos, first hypothesized by Pontecorvo [1] , are electrically neutral fermions of either Dirac or Majorana nature with no standard weak interaction albeit mixing with the existing active neutrinos. Mathematically, sterile neutrinos are singlets under the gauge symmetry of the standard model (SM) of particle physics. The theoretical studies of sterile neutrinos deal with many diverse new physics scenarios which may include a multitude of sterile neutrinos with masses ranging from below eV scale to close to the Planck mass scale. In this paper we shall focus only on light sterile neutrinos which have masses near the eV scale and we discuss how information from non-oscillation experiments can be used to constrain the mixing matrix elements of activesterile neutrino mixing. 1 The existence of one or more light sterile neutrinos near the eV scale can help resolve some of the intriguing 'anomalies' observed in short-baseline (SBL) neutrino oscillation experiments, such as the LSND [4] , MiniBooNE [5] and Gallium [6] anomalies. 2 In this paper we assume that there exists only one light sterile neutrino ν s in addition to the three known active neutrinos (ν e , ν µ , ν τ ), all of which can be written as linear combination of four neutrino mass eigenstates * E-mail at: cskim@yonsei.ac.kr † E-mail at: glopez@fis.cinvestav.mx ‡ E-mail at: sahoodibya@yonsei.ac.kr 1 For detailed discussions on the kinds of new physics possibilities which include light sterile neutrinos, we suggest the reader to look at the reviews in Refs. [2, 3] and the references contained therein. 2 It should be noted that the previously known reactor neutrino anomaly [7] may not require any explanation in terms of light sterile neutrinos in view of the recent paper from the Daya Bay collaboration [8] . However, other experiments such as NEOS [9] and DANSS [10] still suggest the presence of this reactor neutrino anomaly. For a global analysis of these SBL results we suggest the reader to look at Ref. [11] .
(ν 1 , ν 2 , ν 3 , ν 4 ):
where α = e, µ, τ, s. We assume that the Pontecorvo-MakiNakagawa-Sakata (PMNS) matrix [1, 12] , the 3 × 3 matrix that deals with the mixing of ν e , ν µ , ν τ with ν 1 , ν 2 , ν 3 , remains unitary in presence of the sterile neutrino ν s , while the 4 × 4 mixing matrix V (which might be unrelated to any see-saw mechanism for generating neutrino mass) can be, in general, non-unitary [13] . In this case, the effects of sterile neutrinos will become manifest in the observables associated to charged current interactions of leptons (here repeated labels indicate summation convention, = e, µ, τ and γ µ ≡ γ µ (1 − γ 5 )),
as well as in neutral current Z boson decays into neutrinos,
where g is the weak coupling constant and θ W is the weak mixing angle. The above expression follows from the unitarity of the 3 × 3 PMNS matrix. It is important to note that to keep our discussion most general we consider the 4 × 4 mixing matrix to be non-unitary. In some new physics scenarios the sterile neutrino can have a different origin from the active neutrinos, leading to the non-unitarity of the mixing matrix arXiv:1809.02265v2 [hep-ph] 30 Nov 2018
(for a specific model realizing this scenario see for instance [13] ). This violation of unitarity, if observed, would imply presence of unknown new physics. Taking the Lagrangians of Eqs. (2) and (3) into account we shall explore the effects of this hypothetical light sterile neutrino in some precision observables and try to set constraints on its mixing with the known flavor eigenstates. Our purpose is to identify observables that turn out to be the most sensitive ones and present a clean way to determine the mixing matrix elements. Given the lightness of this sterile neutrino, its effects on the different observables considered in this analyses will manifest as an overall normalization factor. Ratios of decay rates turn out to be very useful since they are independent of weak couplings, quark mixings and hadronic form factors. The effects of the sterile neutrino do not cancel in such ratios as long as they do not satisfy lepton universality, which in our case implies |V e4 | V µ4 |V τ4 |.
Our paper is organized as follows. In Sec. II we provide a comprehensive analysis of the relevant weak decays, with particular attention to the constraints on active-sterile neutrino mixing matrix elements. We do a combined study of the leptonic decays of µ
as well as the invisible decay of Z boson. We provide all the observables which can be used to constrain the mentioned mixing matrix elements. In Sec. III we perform a numerical study taking all available experimental data and also look for further predictions which can be tested in oscillation and non-oscillation experiments. Finally we conclude in Sec. IV emphasizing the results and the uniqueness of our approach.
II. PROBING |V 4 | VIA WEAK DECAYS
Lepton flavor is an absolutely conserved quantum number in the SM with massless neutrinos. In this limit, we can identify the flavor of neutrinos (or antineutrinos) produced in processes induced by charged weak currents by identifying the flavor of the associated charged lepton, as in the case, for example, of µ − → e −ν e ν µ decay. However, if neutrinos are massive particles, lepton flavor-violating (LFV) processes like µ − → e − ν ν are possible via a Z-penguin or box diagram at the one loop level. Strictly speaking, the observable process when neutrinos are massive is µ − → e − + "missing" because the flavor of neutrinos is not identified 3 . In general, since the light sterile neutrinos, like the active ones, remain undetected at their place of production, any weak decay of the type X → Y + aν + bν is practically X → Y + "missing" where X and Y are some initial and final particle(s) respectively, , = e, µ, τ and a, b = 0, 1. We shall assume that the unobserved neutral fermions produced in such weak decays under consideration are either active or sterile neutrinos (or anti-neutrinos). As we shall show, this allows us to set bounds on the mixing matrix elements |V 4 |, provided the more sensitive observables to these effects are conveniently chosen. 3 In practice, the LFV contribution to the muon rate is unobservably small. 
We have defined
where m denotes the mass of the charged lepton , G 0 F is the Fermi constant if we were to assume no sterile neutrino,
is the finite W mass correction stemming from the W boson propagator, f ew (m ) are the remaining radiative corrections to the decay rate. Including the effects of the finite mass of electron and the O α 2 radiative corrections, numerically we have: f ew m µ = 0.995802 [14] . The effect of the sterile neutrino is encoded in the factor Σ µe :
The measured value of the effective Fermi constant is given
GeV −2 [14] , obtained from a comparison of the muon decay rate in Eq. (4) and the measured muon lifetime τ µ = 1/Γ µ . As can be realized, it is not possible to quantify the effect of sterile neutrino from Γ µ measurement alone without an independent and precise measurement of G 0 F . A similar expression holds for the decay rates of τ − → − + "missing" decays (with = e, µ), which in the presence of an additional sterile neutrino becomes:
with
where we have a similar expression for the Σ τ factor as in Eq. (6), under the corresponding replacement of flavor indices. The numerical values of the radiative corrections are f e ew (m τ ) = 0.995722 and f µ ew (m τ ) = 0.995960 [14] . If we compute the ratio between Eqs. (4) and (7), we obtain
If we take the ratio of Γ e τ and Γ µ τ using Eq. (7), we get,
It is clear from Eqs. (9) and (10) that if there is no lepton universality, i.e. |V e4 | V µ4 |V τ4 |, we can find out some observables which can probe the active-sterile mixing, without being worried about the extraction of the Fermi constant G 0 F . Since all the mixing matrix elements |V 4 | 2 are positive and do not exceed unity, we have 1/2 ≤ Σ τ /Σ µe , Σ τe /Σ τµ ≤ 2. In practice, given the good agreement of the SM with experimental data for the leptonic decays of τ, we would expect to have Σ τ /Σ µe very close to 1.
Note that we can always express the partial decay rates of the decays of τ − + "missing" /τ τ . In this way we obtain the following observables, which are ratios involving the mixing matrix elements |V 4 |,
These three observables are not independent, by definition, since R τ/e R e/µ = R τ/µ . Therefore, only two out of these three ratios would be useful for our numerical analysis and we would need some extra independent observable(s) in order to constrain the three active-sterile mixing matrix elements.
It is important to note that the ratio observables R τ/e , R e/µ and R τ/µ actually probe the unitarity of the 4 × 4 mixing matrix. If we were to relax the assumption that the 3 × 3 PMNS matrix is unitary, the ratio observables take the form
where and , = e, µ, τ. It is clear from Eq. (12) that R / = 1 only when both
It should be noted that if one were to consider an n × n activesterile mixing matrix with n > 4 in some new physics model, then the summations in Eq. (12) would run from 1 to n. Thus, R / can also probe the unitarity of such an active-sterile mixing matrix in the most general scenario. can also be useful to constrain the mixings of 4 It is important to note that here we are not considering the possibility of any sterile neutrinos being kinematically inaccessible to our decay modes under consideration. If such heavy sterile neutrinos are experimentally found to exist, it is beyond the scope of our analysis and R / can not probe unitarity of the full active-sterile neutrino mixing matrix.
a light sterile neutrino. Let us consider the τ − → P − ν τ and P − → −ν decays (P = π or K mesons and = e or µ), which are the most precisely measured processes of this type. In the presence of a light sterile neutrino, the decay rates of these processes are given by:
and
In the above expressions, f P denotes the decay constant of the P − meson, which can be calculated from Lattice QCD, V uq (with q = d(s) for P = π(K) mesons) is the CabibboKobayashi-Maskawa (CKM) matrix element and δ P τ (or δ P ) denotes the radiative corrections to τ → Pν (or P → ν) decay.
The ratio of the these decays,
is independent of the parameters related to the hadronic vertex and can provide a clean information about the active-sterile mixing matrix elements provided there is no lepton universality. Furthermore, the ratio of electron and muon channels in P meson decays,
can also be used to study the active-sterile mixing matrix elements since it is independent of hadronic inputs and common terms of radiative corrections also cancel in the ratio. The radiative corrections can be split into a short-distance (SD) and a long-distance (LD) parts: δ = δ(S D) + δ(LD). The dominant contribution to SD corrections in τ and P meson decays is given by
The computation of the LD parts are more difficult to evaluate, since they depend on the details of the strong interactions in the transition regime (1-2 GeV), which involve usage of phenomenological models including contributions from possible resonances as well as scalar QED, so that one can consider the meson-photon interactions beyond the point-meson approximation [15] [16] [17] . For numerical analysis we shall use the ratio of radiative corrections in the semileptonic τ decays as given in Ref. [16] :
Similarly, the ratio of O(α) radiative corrections for P meson decays is given by [17] :
Once again, replacing the partial decay rates in terms of branching ratios and lifetimes we can define, by using Eqs. (15) and (16), the equivalent ratio observables as in Eq. (11):
It must be noted that each ratio defined above has got two values, one corresponding to P = π and the other for P = K. Even though we did not get any extra observables here, we can probe the same observables from a different set of decays than the purely leptonic decays of µ and τ as given in Eq. (11) .
In fact, if we consider only those decays that are mediated by charged current interaction, we shall be constrained to consider decays of the type X → Y + aν + bν , with , = e, µ, τ and , a, b = 0, 1 and X, Y being appropriate particles. From such decays we can extract only the ratios R τ/e , R τ/µ and R e/µ and nothing more unless we use some other independent information such as G In the presence of a light sterile neutrino, the contributions to the 'invisible' decay width of the Z gauge boson that stem from Eq. (3) are:ν ν ,ν ν 4 ,ν 4 ν andν 4 ν 4 . The invisible width of Z is, therefore, given by:
where m Z denotes the mass of the Z boson. It is interesting to note that the Fermi constant used in Eq. (21) is extracted from the muon decay, which under our assumption of one sterile neutrino leads to Eq. (4). Therefore, in terms of the measured Fermi constant G F , the invisible width of Z is given by,
If we consider V 4 = 0, we get the expression for Γ SM inv which is the invisible width of the Z boson in the SM. It is well known that the number of light neutrinos (N ν ) is extracted from observed invisible width of Z boson by using the expression,
Thus, we can express N ν in terms of the active-sterile mixing matrix elements as follows,
It is clear that N ν can now be used in conjunction with the ratio operators R τ/e , R τ/µ and R e/µ to constrain the active-sterile mixing matrix elements. From Refs. [14, 18] we get the number of light neutrinos to be N ν = 2.9840 ± 0.0082.
D. Energy spectrum of charged lepton in leptonic tau decay
Till now we have considered fully phase-space integrated partial decay rates for some well chosen decays as a means to constrain the active-sterile mixing. It is interesting to ask whether differential partial decay rates or distributions can be used to look for signatures of the sterile neutrino. In presence of one light sterile neutrino, the energy distribution of the final charged lepton in the decay τ → +"missing" gets modified as follows,
where ρ µe = m )/2m τ with = e, µ. This expression does not contain the effects of radiative corrections to the lepton spectrum. It is important to note that this is not a normalized distribution since in that case the effect of sterile neutrinos will cancel during normalization. In Fig. 1 we plot the energy distribution of the muon in τ − → µ − + missing decays. We have chosen 0.9 ≤ Σ τµ /Σ µe ≤ 1.1 as an example for the range of the free parameter. The effect of the sterile neutrino is the same over the whole spectrum although it is more discernible at the endpoint of the energy spectrum. It is important to note that in order to get a prediction for the effect of sterile neutrino on the energy spectrum as per the present data, we must first constrain the individual mixing matrix elements using our set of observables.
E. Analytical solutions for |V 4 | 2 in terms of observables
We have four observables (R τ/e , R τ/µ , R e/µ and N ν ) which can be defined in terms of three active-sterile mixing matrix elements (|V e4 | 2 , V µ4 2 and |V τ4 | 2 ) as shown in Eqs. (11) and (24). Since the three ratio observables of Eq. (11) are not independent, we can always consider N ν and any two out of the three ratios to solve for the mixing matrix elements. This gives rise to three closely related schemes of analytical solutions. In Sec. III we shall present our numerical analysis following all the three schemes.
Scheme A: In this scheme we shall use R τ/µ , R e/µ and N ν to solve for the mixing matrix elements. From Eqs. (6), (11b) and (11c) it is straightforward to get,
Substituting Eq. (26) in Eq. (24) and simplifying we get
Finally substituting Eq. (27) in Eqs. (26b) and (26c) we get,
Thus Eqs. (27) and (28) express the active-sterile mixing matrix elements in terms of observables R τ/µ , R e/µ and N ν . Scheme B: In this scheme we shall use the observables R τ/e , R e/µ and N ν . The expressions for active-sterile mixing matrix elements in this scheme are obtained from Eqs. (27) and (28) by making use of the identity R τ/µ = R τ/e R e/µ . Thus, in this scheme we have,
Scheme C: In this scheme we shall use the observables R τ/e , R τ/µ and N ν . The expressions for active-sterile mixing matrix elements in this scheme are obtained from Eqs. (27) and (28) by making use of the identity R e/µ = R τ/µ /R τ/e . Thus, in this scheme we have,
It is important to note that the ratio observables can be determined by using either Eq. (11) or (20). In the numerical analysis ahead in Sec. III we shall consider both these options. Once we know the values of |V 4 | In short-baseline (SBL) neutrino oscillation experiments, where the active-sterile neutrino oscillations are easier to observe, the effective probability of neutrino oscillations from an initial flavor state ν α to a final flavor state ν β is given by
where L is the distance between the neutrino source and the detector, E is the energy of the neutrino beam, ∆m 2 SBL is the new squared-mass difference corresponding to oscillations between the sterile and active neutrinos, and the oscillation amplitude is given by,
We are interested in sin 2 2θ µe , sin 2 2θ ee and sin 2 2θ µµ which can be easily constrained once we know |V e4 | 2 and V µ4 2 by using our schemes A, B, C as discussed before.
III. NUMERICAL ANALYSIS AND DISCUSSION
In order to numerically estimate the active-sterile mixing matrix elements using the expressions obtained in the previous section under schemes A, B and C, we have used all the precise experimental results for branching ratios, lifetimes, masses, radiative corrections and the number of light neutrinos N ν as reported by the Particle Data Book [14] . In the numerical study we have used Eq. (11), (20b) and (20c) for the ratio observables considering both P = π and P = K. We have done a simple propagation of errors following the method of quadrature. Our numerical calculation gives the following values for the ratio observables, R τ/e = 1.00667 ± 0.00293 (Using Eq. (11a)), (33a)
It is quite clear from these results that all the estimates for the ratio observables are consistent with 1 within 2σ standard deviations. This implies that the 4 × 4 mixing matrix is unitary irrespective of whether we consider the 3 × 3 PMNS matrix to be unitary or not. Using the value of R τ/e from Eq. (33a) in Eq. (25) we can plot the unnormalized energy distribution of the muon in the decay τ − → µ − + "missing", as shown in Fig. 2 . It is clear from this distribution that the current data from weak decays is consistent with absence of light sterile neutrinos. Since the search for light sterile neutrinos is traditionally done via short-baseline neutrino oscillation experiments, looking at the estimates of active-sterile mixing matrix elements as well as the oscillation amplitude would be very useful. Tables Ia, Ib and Ic respectively. Taking the average of these determined values we get, respectively. From the SBL global fits [11] we find that (i) |V e4 | 2 ≈ 0.010 ± 0.003 which is compatible with our estimate, (ii) depending on the value of the squared mass difference ∆m respectively. Thus, no presence of sterile neutrinos can be inferred from the existing data on charged-current weak decays and the invisible decay width of the Z boson. Nevertheless, it is very interesting to note that the 2018 MiniBooNE result [5] hints at the possibility that there might exist a light sterile neutrino with appreciable mixing with light active neutrinos with a best-fit value of sin 2 2θ = 0.894. This value is far above the value predicted in Eq. (35). Thus our prediction directly contradicts the MiniBooNE result. On the other hand, if MiniBooNE result were correct we should observe the effect of the sterile neutrino in the weak decays we have discussed. We can also compare our estimates with the best fit values given by SBL global fit results [11] 
,
where DaR and DiF denote the fact that the global fit includes neutrinos and antineutrinos produced from π decayat-rest and π decay-in-flight respectively. These values are larger than our estimates.
IV. CONCLUSION
In conclusion we would like to emphasize that the approach we elaborated in this paper can provide an independent and = e, µ, τ) from weak decays following schemes A, B and C. The pairs of ratio observables used in these predictions are R τ/µ and R e/µ for scheme A, R e/µ and R τ/e for scheme B and, finally, R τ/µ and R τ/e for scheme C. In all the schemes the observable N ν , the number of light neutrinos, is used. robust probe to active-sterile neutrino mixing in addition to the traditional approach of using short-baseline neutrino oscillation experiments. Using the precision measurements of the low energy charged current processes, namely leptonic decays of µ, τ, π, K and semi-leptonic decays of τ we define three ratio observables. Along with these three ratio observables, which can be easily studied experimentally, we also use the number of light neutrinos from the invisible decay of the Z Predicted values for sin Tables Ia and Ib boson which is also a very precise measurement. These four quantities form the basis of our methodology. There are three numerical schemes for finding all the three active-sterile mixing matrix elements, viz. |V 4 | for = e, µ, τ. If there exists a sterile neutrino having appreciable mixing with active neutrinos, it would affect the precision measurements used in our approach. Our approach, therefore, can be used not only to discover a sterile neutrino, but also to study the mixing very precisely. It is also important to note that our approach is strictly valid if the 4 × 4 neutrino mixing matrix is not unitary and if lepton universality is not imposed a priori. Both the assumptions are not in conflict with currently existing experimental data. If one considers the 4 × 4 neutrino mixing matrix to be unitary, then the non-oscillation observables considered in our approach become redundant and do not constrain those mixings and the sterile neutrino hypothesis can not be tested with our method. However, as is evident from our numerical results, the 4 × 4 mixing matrix is consistent with being a unitary matrix. Finally we must note that our numerical analysis considering the existing data is consistent with no sterile neutrino hypothesis. Nevertheless, in the case of any future claim of discovery of sterile neutrino from short-baseline neutrino oscillation experiment, it would be necessary to test the discovery claim with the method we have presented here.
